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GJMS OPERATORS AND Q-CURVATURE FOR CONFORMAL
CODAZZI STRUCTURES
TAIJI MARUGAME
Abstract. The conformal Codazzi structure is an intrinsic geometric struc-
ture on strictly convex hypersufaces in a locally flat projective manifold. We
construct the GJMS operators and the Q-curvature for conformal Codazzi
structures by using the ambient metric. We relate the total Q-curvature to
the logarithmic coefficient in the volume expansion of the Blaschke metric,
and derive the first and second variation formulas for a deformation of strictly
convex domains.
1. Introduction
The ambient metric is a powerful tool for constructing geometric invariants and
invariant differential operators such as GJMS operators ([GJMS], [GG]) and Q-
curvature ([FH]) in conformal and CR geometries. It was first introduced by Fef-
ferman [Fe] for CR manifolds via the solution to the complex Monge–Ampe`re equa-
tion, and then the Fefferman–Graham ambient metric was constructed for confor-
mal manifolds by solving Ricci flat equation formally on the ambient space ([FG1],
[FG3]).
In this article we define the ambient metric for another geometric structure:
the conformal Codazzi structure. We will quickly review this geometric structure
in dimension greater than 3; We refer the reader to [BC] and [M] for the details
including low dimensional cases. Let M be a C∞-manifold of dimension n ≥ 4. We
use abstract index notation to denote tensors and tensor bundles. For example, we
denote TM and S3T ∗M by Eα and E(αβγ) respectively. We also use these symbols
to denote the space of sections of the bundles. The conformal density bundle of
weight w is defined by E [w] = (∧nT ∗M)−w/n, and we put [w] to a bundle to express
the tensor product with E [w]. A conformal Codazzi structure on M is a conformal
structure [h] together with a trace-free symmetric 3-tensor Aαβγ ∈ E(αβγ)0 [2], called
the Fubini–Pick form, which satisfies the following Gauss–Codazzi equations:
(Gauss) 2 tf(Aνγ[αAβ]µ
ν) +Whαβγµ = 0,
(Codazzi) ∇h[αAβ]γµ −
1
n
(
hµ[α(δA)β]γ + hγ[α(δA)β]µ
)
= 0,
where hαβ ∈ Eαβ [2] is the conformal metric,W
h
αβγµ is the Weyl tensor and (δA)αβ =
∇hγAαβ
γ . The conformal Codazzi structure is an intrinsic geometric structure on
a strictly convex hypersurface in a locally flat projective manifold; The projective
second fundamental form induces a conformal structure and the Gauss–Codazzi
equations come from the flatness of the ambient projective structure. Conversely,
the conformal structure and the Fubini–Pick form recover the local immersion to
the projective space (projective Bonnet theorem).
2010 Mathematics Subject Classification. 53A30 (primary), 53A55 (secondary).
Key words and phrases. ambient metric; GJMS operator; Q-curvature; conformal geometry;
projective geometry.
1
2 TAIJI MARUGAME
In this paper we consider the case where M is globally realized as the boundary
of a strictly convex domain Ω in a manifold N with a locally flat projective structure
[∇]. As in the CR case, the ambient metric for the conformal Codazzi structure
is constructed from the solution to the Monge–Ampe`re equation on Ω. The real
Monge–Ampe`re equation for a projective density ρ ∈ E(2) is defined by
(1.1)
J [ρ] := det(DIDJρ) = det
(
2ρ ∇jρ
∇iρ ∇i∇jρ+ 2ρPij
)
= −1,
Ω = {ρ < 0},
where DI is the projective D-operator and Pij = (1/n)Ricij is the projective
Schouten tensor of ∇ ∈ [∇]. As in the complex case ([Fe]), one can construct
an approximate solution to (1.1):
Proposition 1.1 ([M]). There exists a defining density ρ ∈ E(2) such that
(1.2) J [ρ] =
{
−1 +O(ρ∞) if n is odd,
−1 +Oρn/2+1 if n is even,
where O ∈ E(−n − 2). Moreover, such a density is unique modulo O(ρ∞) for n
odd, and unique modulo O(ρn/2+2) for n even.
We call ρ a Fefferman defining density when it satisfies (1.2). The density O
is called the obstruction density and the boundary value O|M ∈ E [−n− 1] gives a
local conformal invariant.
We define the ambient metric for a conformal Codazzi structure by the projective
tractor
g˜IJ = DIDJρ
with a Fefferman defining density ρ. It is identified with a homogeneous Lorentz
metric on the projective density bundle and allows us to construct the GJMS op-
erators and the Q-curvature as in conformal and CR cases. The GJMS operator
Pm : E [m − n/2] → E [−m − n/2] is a conformally invariant linear differential op-
erator whose symbol agrees with that of the power of the Laplacian ∆mh , and is
different from usual conformal GJMS operator. In particular, we can define Pn/2+2
for even n, which does not exist for general conformal manifolds ([GH]). The con-
formal Codazzi Q-curvature integrates to a global conformal invariant and is also
different from usual conformal Q-curvature.
Recall that conformal and CR Q-curvatures are intimately related to the geome-
try of complete metrics inside the domains, such as Poincare´-Einstein metric ([G2],
[GZ], [FG2]) and the Cheng–Yau metric ([CY], [HPT]). In our case, the relevant
metric is the Blaschke metric, which is a projectively invariant metric on Ω defined
by
gij =
∇i∇jρ
−2ρ
+
∇iρ∇jρ
4ρ2
− Pij .
In [M], the author shows that the Blaschke metric has the volume expansion
Vol({τ−2ρ < − 12 ǫ
2}) =
⌈n/2⌉−1∑
j=0
c−n+2jǫ
−n+2j+
{
V + o(1) (n : odd)
L log(1/ǫ) + V + o(1) (n : even)
for a fixed projective scale τ ∈ E(1), and V is independent of the choice of τ when n
is odd while L is independent of the choice of τ when n is even. We prove that the
integral Q of the conformal Codazzi Q-curvature agrees with a multiple of L. By
using this fact, we show that the first variation of Q for a deformation of a strictly
convex domain is given by the obstruction density O (Theorem 4.1). As a corollary,
it is shown that a strictly convex surface in R3 is a critical point of Q if and only
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if it is projectively equivalent to the sphere (Corollary 4.2). We also show that
the second variation for a deformation parametrized by a density on the boundary
is described by the GJMS operator Pn/2+2 (Theorem 4.6). For the spheres, the
operator agrees with the ordinary GJMS operator, and it turns out that its kernel
corresponds to a deformation via a family of projective linear transformations,
which gives a trivial deformation of the conformal Codazzi manifold.
This paper is organized as follows. In §2, we review the projective tractor calculus
and geometry of strictly convex domains, including some tensor identities given in
[M]. In §3, we define the GJMS operators and the Q-curvature using the ambient
metric in conformal Codazzi geometry. Then we prove the self-adjointness of the
GJMS operators and show that the total Q-curvature agrees with a multiple of the
coefficient L in the volume expansion of the Blaschke metric. Finally in §4, we derive
first and second variation formulas of the total Q-curvature under a deformation of
strictly convex domains in a locally flat projective manifold.
Notations. We adopt Einstein’s summation convention and assume that
• uppercase Latin indices I, J,K, . . . run from 0 to n+ 1;
• lowercase Latin indices i, j, k, . . . run from 1 to n+ 1;
• lowercase Greek indices α, β, γ, . . . run from 1 to n.
Acknowledgments. This paper is based on part of the author’s thesis at the
University of Tokyo. I would like to express my deep gratitude to Professor Kengo
Hirachi for his continuous encouragement and helpful advice. I would also like
to thank Dr. Yoshihiko Matsumoto, Professor Michael Eastwood, and Professor
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2. Preliminaries
2.1. Projective tractor calculus. We quickly review the tractor calculus in pro-
jective differential geometry; We refer to [BEG] for the detail of the constructions.
A projective structure [∇] on an oriented differentiable manifold N is a projective
equivalence class of torsion free affine connections, where two affine connections are
said to be projectively equivalent when they have the same geodesic paths. It is
known that ∇ and ∇′ are projectively equivalent if and only if there exists a 1-form
p such that
∇′iX
j = ∇iX
j + piX
j + plX
lδi
j ,
for any X i ∈ E i, which we write as ∇′ = ∇ + p. We define the projective density
bundle of weight w as an oriented real line bundle E(w) = (∧n+1T ∗N)−(w/n+2),
where n + 1 = dimN . A choice of a positive section τ ∈ E(1), called a projective
scale, determines a unique representative connection ∇ ∈ [∇] satisfying ∇τ = 0.
We deal with only such connections in [∇]. If we change the scale as τ̂ = e−Υτ with
Υ ∈ C∞(N), the connection transforms as ∇̂ = ∇+ dΥ. A projective structure is
locally flat if the projective Weyl curvature
Cij
k
l = Rij
k
l − 2 δ[i
kPj]l
vanishes, where Pij = (1/n)Ricij is the projective Schouten tensor. This is equiva-
lent to the condition that around each point in N there exists a local affine scale,
namely a projective scale such that the corresponding representative connection is
flat.
We define the ambient space N˜ by the R+-bundle E(−1)+ over N . Then the
projective tractor bundle is the rank n + 2 vector bundle E˜I = T N˜/R+ over N ,
where s ∈ R+ acts on T N˜ by s
−1(δs)∗ with the dilation δs on N˜ . A section
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νI ∈ E˜I(w) := E˜I ⊗ E(w), called a tractor, can be identified with a vector filed on
N˜ homogeneous of degree w− 1. If we take a projective scale τ and trivialize N˜ by
τ−1, the tractor bundle is decomposed as
E˜I
τ
∼=
E i(−1)
⊕
E(−1),
where E i denotes TN . Under a rescaling τ̂ = e−Υτ , we have the transformation
formula (
ν̂i
λ̂
)
=
(
νi
λ−Υkν
k
)
,
where Υk = dΥ. The tractor T
I ∈ E˜I(1) expressed by t(0, 1) does not depend on
the choice of a projective scale and is called the Euler field. The projective tractor
connection is a projectively invariant connection on E˜I defined by
(2.1) ∇i
(
νj
λ
)
=
(
∇iν
j + λδi
j
∇iλ− Pikν
k
)
.
We also have the induced tractor connections on the dual bundle E˜I or various
tensor bundles such as E˜I
J , computed from (2.1). The tractor connection is flat if
and only if the projective structure [∇] is locally flat.
There is another important projectively invariant differential operator: The pro-
jective D-operator DI : E˜∗(w)→ E˜I∗(w − 1) is defined by
DIf∗ =
(
wf∗
∇if∗
)
∈
E˜∗(w)
⊕
E˜i∗(w)
τ
∼= E˜I∗(w − 1),
where ‘∗’ denotes arbitrary tractor indices and∇ in the second slot is the connection
induced from the tractor connection and the connection on E(w) associated with
τ . We have the following useful formulas:
T IDIf∗ = wf∗, DIT
J = δI
J .
The D-operator can be regarded as a linear connection on the ambient space N˜
whose flatness is equivalent to the local flatness of [∇].
2.2. Geometry of strictly convex domains. Let (N, [∇]) be an oriented locally
flat projective manifold of dimension n+1. We consider a relatively compact domain
Ω in N with smooth boundary M . We say M is strictly convex if ∇i∇jρ|TM is
positive definite for a connection∇ ∈ [∇] and a defining function ρ which is negative
in Ω. The strict convexity does not depend on the choice of ∇ and ρ. If we fix
a projective scale τ ∈ E(1), there is a canonical choice of a transverse vector field
ξ ∈ Γ(M,TN) with dρ(ξ) > 0, called the affine normal field, which satisfies
∇XY = ∇
ξ
XY − h(X,Y )ξ,
∇Xξ = S(X),
for X,Y ∈ Γ(TM), where ∇ξXY, S(X) ∈ Γ(TM) and h is a Riemannian metric
on M such that
(
ξy τ−(n+2)
)
|TM = volh and is called the affine metric. The
connection ∇ξ is called the induced connection and we define the Fubini–Pick form
by the difference tensor A = ∇h−∇ξ, where ∇h is the Levi–Civita connection of h.
The endomorphism S is called the affine shape operator. For a rescaling τ̂ = e−Υτ ,
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we have
ĥ = e2Υh, Â = A,
Ŝ(X) = e−2Υ
(
S(X) + (ξΥ− |dΥ|2h)X + dΥ(X) gradhΥ−∇
ξ
XgradhΥ
)
,
where gradhΥ denotes the gradient vector field of Υ|M with respect to the metric h.
Thus the boundary M is endowed with the conformal structure [h]. The conformal
density bundle is a real line bundle E [1] = (∧nT ∗M)−1/n and we have a canonical
isomorphism E(1)|M → E [1] by τ |M 7→ (volh)
−1/n. Thus we identify E(w)|M with
E [w] for each w. The weighted tensor hαβ = τ
2|Mhαβ ∈ E(αβ)[2] is conformally
invariant and called the conformal metric. We raise and lower the indices with hαβ
and its inverse hαβ . By the flatness of [∇], the affine shape operator Sαβ is sym-
metric and the Fubini–Pick form Aαβγ becomes trace-free and totally symmetric.
It is known that Aαβγ vanishes if and only if M is locally projectively equivalent
to the sphere; see [NS].
Take a Fefferman defining density ρ = τ2ρ ∈ E(2) of Ω. We introduce a special
local frame for TN as follows. First we take a vector field ξ on a neighborhood of
M satisfying
(2.2) ξρ = 1, ξiXj∇i∇jρ = 0 if Xρ = 0.
We set r := ξiξj∇i∇jρ and call r the transverse curvature. Since ρ satisfies (1.1),
ξ|M coincides with the affine normal field ([M, Lemma 4.5]). Then we extend a
local frame {eα} for TM by the parallel transport along the integral curves of ξ
with respect to ∇. We call a local frame {e∞ = ξ, eα} thus obtained an adapted
frame. In such a frame, the connection forms of ∇ are given by
(2.3)
ωα
β = ωξα
β , ω∞
α = Sγ
αθγ + Cαdρ,
ωβ
∞ = −hβγθ
γ , ω∞
∞ = −rdρ,
where Cα is a function, and ωξα
β restricts to the connection form of the induced
connection on each level set and satisfies ωξα
β(ξ) = 0. Moreover, the ambient
metric g˜IJ = DIDJρ satisfies
(2.4) g˜IJ |M =
 0 11 r|M
hαβ
 , g˜IJ |M =
−r|M 11 0
hαβ
 ,
where r := τ−2r. We recall from [M] that in an adapted frame, the components of
the projective Schouten tensor and the affine shape operator satisfy
(n− 1)Pαβ |M − Ric
h
αβ + (δA)αβ +AαµνAβ
µν − Sαβ + (trS)hαβ = 0,(2.5)
ξ Sα
β + Sα
γSγ
β + rSα
β −∇ξαC
β + δα
βP∞∞ = 0,(2.6)
where Rich is the Ricci tensor of h and (δA)αβ = ∇
h
γAαβ
γ . Also, the transverse
curvature satisfies the following equation:
(2.7) (n+ 2)r + ξ log
(
1− 2rρ− 4ρ2P∞∞ + 8ρ
3 h˜γµPγ∞Pµ∞
)
+ ξ log det
(
δα
β + 2ρhβγPγα
)
− trS − hαβPαβ
= −
(n
2
+ 1
)
O ρn/2 +O(ρn/2+1),
where h˜αβ is the inverse of h˜αβ = hαβ + 2ρPαβ and O = τ
n+2O. Setting ρ = 0 in
this equation gives
(2.8) r|M =
2
n
trS −
1
n(n− 1)
(
Scalh − |A|
2
)
,
where Scalh is the scalar curvature of h.
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Let ∆˜ = −g˜IJ∇˜I∇˜J be the Laplacian of g˜IJ . A projective scale τ is called a
harmonic scale when it satisfies ∆˜τ = O(ρ). In such a scale, the identity
(2.9) r|M =
1
n
trS =
1
n(n− 1)
(Scalh − |A|
2)
holds ([M, Proposition 5.10]).
3. GJMS operators and Q-curvature
3.1. GJMS construction. Let M be the boundary of a strictly convex domain Ω
in an (n + 1)-dimensional locally flat projective manifold N . Let ∇˜I be the Levi–
Civita connection of the ambient metric g˜IJ = DIDJρ, where ρ is a Fefferman
defining density of Ω. Since DI is flat, we have ∇˜I = DI + Γ˜IJ
K with
Γ˜IJK =
1
2
DIDJDKρ ∈ E˜(IJK)(−1).
When n is even the Monge–Ampe`re equation det g˜ = −1 +Oρn/2+1 implies
(3.1) Γ˜IK
K = −
1
2
(n
2
+ 1
)
Oρn/2DIρ−
1
2
ρn/2+1DIO +O(ρ
n/2+2),
while the right-hand side is replaced by O(ρ∞) when n is odd. Since T IΓ˜IJK = 0,
we have ∆˜ρ = −(n+ 2).
As in conformal and CR cases, ∆˜ satisfies the following commutation relations:
Lemma 3.1. For a density f˜ ∈ E(w) and a positive integer m, we have
(3.2)
[∆˜,ρm]f˜ = −m(2w + 2m+ n)ρm−1f˜ ,
[∆˜m,ρ]f˜ = −m(2w − 2m+ n+ 4)∆˜m−1f˜ .
By using the above lemma, we can construct conformally invariant differential
operators as follows: Let f ∈ E [w] be a conformal density on M . We extend f to
a density f˜ ∈ E(w) and apply ∆˜m. By (3.2), we have
∆˜m(f˜ + φρ) = ∆˜mf˜ −m(2w − 2m+ n)∆˜m−1φ+ ρ∆˜mφ
for any density φ ∈ E(w − 2). Therefore ∆˜mf˜ |M is independent of the choice of an
extension when w = m− n/2, and defines a differential operator
Pm : E [m− n/2] −→ E [−m− n/2],
which we call the (conformal Codazzi) GJMS operator.
The following proposition is proved in the same way as in [GJMS] and [FH]:
Proposition 3.2. Let f ∈ E [m− n/2].
(i) There exists an extension f˜ ∈ E(m− n/2) of f such that
∆˜f˜ = O(ρm−1).
Moreover, such an extension is unique modulo O(ρm) and satisfies cmρ
1−m∆˜f˜ |M =
Pmf with cm = 2
m−1{(m− 1)!}2.
(ii) Let τ ∈ E(1) be a projective scale and set ρ = τ−2ρ. Then there exist
A ∈ E(m− n/2) and B ∈ E(−m− n/2) such that A|M = f and
∆˜(A+Bρm log |ρ|) = O(ρ∞).
Moreover, A and B are unique modulo O(ρm) and O(ρ∞) respectively, and it holds
that c′mB|M = Pmf with c
′
m = −2
mm{(m− 1)!}2.
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Next we examine the dependence on the choice of a Fefferman defining density.
When n is odd, the Fefferman defining density is unique to infinite order, so Pm
does not depend on the choice of ρ. On the other hand, we must restrict the range
of m when n is even:
Proposition 3.3. Let n be even. Then the GJMS operator Pm is independent of
the choice of a Fefferman defining density ρ if 1 ≤ m ≤ n/2.
Proof. Let ρ′ be another Fefferman defining density and g˜′IJ the associated ambient
metric. Since ρ′ = ρ+O(ρn/2+2), the Laplacian of g˜′IJ satisfies ∆˜
′ = −g˜′IJDIDJ+
O(ρn/2) = ∆˜ + O(ρn/2). Let f ∈ E [m− n/2]. We extend f to f˜ ∈ E(m − n/2) so
that
∆˜f˜ = ψρm−1, ψ|M = Pmf
holds. Then f˜ satisfies ∆˜′f˜ = (ψ+O(ρ))ρm−1 ifm ≤ n/2, so we have P ′m = Pm. 
By following the CR case ([HMM]), we will introduce a further normalization on
ρ so that Pn/2+2 is well-defined for n even.
Lemma 3.4. Let n be even. Then there exists a defining density ρ of Ω such that
J [ρ] = −1 +Oρn/2+1, ∆˜O = O(ρ),
where ∆˜ is the Laplacian of g˜IJ = DIDJρ. Moreover, a defining density ρ
′ satisfies
the same equations if and only if there exists φ ∈ E(−n − 2) such that ρ′ = ρ +
φρn/2+2 and ∆˜φ = O(ρ).
Proof. Take a defining density ρ such that J [ρ] = −1 + Oρn/2+1. Then any
Fefferman defining density is written in the form ρ′ = ρ+ φρn/2+2 with a density
φ ∈ E(−n− 2). By using the formula in [M, Lemma 3.2], we have
J [ρ′] = −1 + (O + ρ∆˜φ)ρn/2+1 +O(ρn/2+3)
so the obstruction density of ρ′ satisfies O′ = O + ρ∆˜φ + O(ρ2). Then the com-
mutation relation (3.2) gives
(3.3) ∆˜′O′ = ∆˜O + (n+ 6)∆˜φ+O(ρ).
Thus, setting φ = −(n + 6)−2ρ∆˜O, we obtain ρ′ such that ∆˜′O′ = O(ρ). The
second statement of the lemma also follows from (3.3). 
A defining density given as in the above lemma is called a strict Fefferman
defining density.
Proposition 3.5. When n is even, the operators Pn/2+2 is independent of the
choice of a strict Fefferman defining density.
Proof. Let ρ and ρ′ be strict Fefferman defining densities. By Lemma 3.4, we
can write as ρ′ = ρ + φρn/2+2 with φ ∈ E(−n − 2) satisfying ∆˜φ = O(ρ). The
corresponding obstruction densities satisfy O|M = O
′|M and ∆˜(O − O
′) = O(ρ),
so it holds that O −O′ = O(ρ2). Thus, from (3.1) we have
(3.4) g˜′IJ Γ˜′IJ
K − g˜IJ Γ˜IJ
K = O(ρn/2+2).
The associated ambient metrics satisfy
(3.5)
g˜′IJ = g˜IJ −
(n
2
+ 2
)(n
2
+ 1
)
φT IT Jρn/2
−
(n
2
+ 2
)
(T IDJφ+ T JDIφ+ φg˜IJ)ρn/2+1 +O(ρn/2+2).
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Let f ∈ E [2]. By Proposition 3.2 (i), there is an extension f˜ of f such that ∆˜f˜ =
ψρn/2+1 and cn/2+2ψ|M = Pn/2+2f . Then by (3.4) and (3.5), we have
∆˜′f˜ = ∆˜f˜ +
(n
2
+ 2
)(n
2
+ 1
)
φT IT JDIDJ f˜ρ
n/2
+
(n
2
+ 2
)
(2T IDJφDIDJ f˜ − φ∆˜f˜)ρ
n/2+1 +O(ρn/2+2)
= ψρn/2+1 +
(n
2
+ 2
)
(n+ 2)φf˜ρn/2 + (n+ 4)DIφDI f˜ρ
n/2+1
+O(ρn/2+2).
Thus, setting f˜ ′ = f˜ + (n/2 + 2)φf˜ρn/2+1, we obtain
∆˜′f˜ ′ = ∆˜′f˜ −
(n
2
+ 2
)
(n+ 2)φf˜ρn/2 +
(n
2
+ 2
)
∆˜(φf˜)ρn/2+1
= ψρ′
n/2+1
+O(ρ′
n/2+2
),
which implies P ′n/2+2f = Pn/2+2f . 
It is proved in [G1] and [GH] that on a general even dimensional conformal man-
ifold there is no conformally invariant linear differential operator whose principal
part agrees with that of ∆mh for m ≥ n/2 + 1. In our case, an additional structure
on M , namely the Fubini–Pick form with the Gauss–Codazzi equations, enables us
to define an over critical GJMS operator.
As an example, we will compute a formula for P1 : E [1− n/2] −→ E [−1− n/2].
We fix a projective scale τ ∈ E(1), and take an adapted frame {e∞ = ξ, eα}. For
an arbitrary extension f˜ ∈ E(1− n/2) of f ∈ E [1− n/2], we have
DIDJ f˜ =
(
n/2(n/2− 1)f˜ −n/2∇j f˜
−n/2∇if˜ ∇i∇j f˜ + (1− n/2)Pij f˜
)
.
Thus, using (2.3), (2.4), (2.5) and (2.8), we obtain
P1f = −g˜
IJDIDJ f˜ |M
= −hαβ
(
∇α∇β f˜ +
(
1−
n
2
)
Pαβ f˜
)
+ n∇∞f˜ +
n
2
(n
2
− 1
)
rf˜
= ∆hf +
n− 2
4(n− 1)
(Scalh − |A|
2)f.
3.2. Self-adjointness. We will prove that the GJMS operators are self-adjoint.
First we relate the ambient Laplacian ∆˜ to the Laplacian ∆g of the Blaschke metric.
Lemma 3.6. (i) Let u ∈ C∞(Ω) and w ∈ R. We assume du = O(ρ−1) in local
coordinates around each boundary point. If w 6= 0, we further assume that u = O(1).
Then when n is even we have
(3.6) 2(−ρ)1−w/2∆˜
(
(−ρ)w/2u
)
=
(
∆g + w(n + w)
)
u+O(ρn/2+1).
When n is odd, the error term is replaced by O(ρ∞).
(ii) Let f˜ ∈ E(2). Then when n is even we have
(3.7) 2∆˜f˜ = (∆g + 2(n+ 2))
(
(−ρ)−1f˜
)
+O(ρn/2+2).
Proof. (i) We consider the case of even n. We set τ ′ := (−ρ)1/2. Then τ ′ defines
a projective scale inside Ω. We denote by ∇′ the associated connection, which is
singular along the boundary. Since ∇′ρ = 0, the Blaschke metric is given by gij =
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−P ′ij , where P
′
ij is the projective Schouten tensor of ∇
′. We set u = (−ρ)w/2u.
Then in the scale τ ′ we have
g˜IJ =
(
2ρ 0
0 −2ρgij
)
, DIDJu =
(
w(w − 1)u (w − 1)∇′ju
(w − 1)∇′iu ∇
′
i∇
′
ju− wgiju
)
.
Thus, using (3.1) and the assumption on u, we compute as
2(−ρ)1−w/2∆˜u = −gij∇′i∇
′
ju+ w(n+ w)u +O(ρ
n/2+1).
We shall compare −gij∇′i∇
′
ju with ∆gu. Let Bij
k ∈ E(ij)
k be the difference tensor
defined by ∇g−∇′. The flatness of [∇] implies ∇′[igj]k = −(1/2(n−1))∇
′
lCij
l
k = 0,
so it holds that Bijk = 1/2∇
′
igjk ∈ E(ijk), where the index is lowered by gij . Hence
we have
gijBij
k = gklBli
i = gklvol−1g ∇
′
lvolg.
The Monge–Ampe`re equation gives
volg = (−2ρ)
−(n/2+1)
(
1−
1
2
Oρn/2+1 +O(ρn/2+3)
)
.
We take a projective scale τ onN and set ρ = τ−2ρ. Then the associated connection
∇ satisfies ∇ = ∇′ + dρ/2ρ, so we have
gklvol−1g ∇
′
lvolg = g
klvol−1g ∇lvolg +
(n
2
+ 1
)
gkl(ρ−1∇lρ)volg
= gkl∇l log
(
1−
1
2
Oρn/2+1 +O(ρn/2+3)
)
.
By the definition of the Blaschke metric, we have gkl = O(ρ). We also have
gkl∇lρ = O(ρ
2) as follows: In the projective scale τ ′, the top slot of g˜KLDLρ
equals (−2ρ)−1gkl∇lρ. On the other hand, g˜
KLDLρ = τ
−2TK + O(ρ). Thus we
have gkl∇lρ = O(ρ
2). It follows from these estimates that
(3.8)
gijBij
k = −
1
2
gkl∇l(Oρ
n/2+1) +O(ρn/2+4)
= O(ρn/2+2).
Thus, by the assumption that du = O(ρ−1), we obtain −gij∇′i∇
′
ju = −g
ij∇gi∇
g
ju−
gijBij
k∇ku = ∆gu+O(ρ
n/2+1), which yields (3.6).
(ii) As in the proof of (i), we compute as
(3.9)
∆˜f˜ = −g˜IJDIDJ f˜ + g˜
IJ Γ˜IJ
KDK f˜
= (n+ 2)(−ρ)−1f˜ −
1
2
gij∇′i∇
′
j
(
(−ρ)−1f˜
)
−
(n
2
+ 1
)
Of˜ρn/2
−
1
2
g˜IJDIODJ f˜ρ
n/2+1 +O(ρn/2+2).
By the first equality in (3.8), we have
−gij∇′i∇
′
j
(
(−ρ)−1f˜
)
= ∆g
(
(−ρ)−1f˜
)
−
1
2
gij∇′iO∇
′
j f˜ρ
n/2 +O(ρn/2+2).
Also, calculating in the projective scale τ ′, we have
−g˜IJDIODJ f˜ρ
n/2+1 = (n+ 2)Of˜ρn/2 +
1
2
gij∇′iO∇
′
j f˜ρ
n/2.
Substituting these equations to (3.9), we obtain (3.7). 
Proposition 3.7. (i) The GJMS operator Pm is self-adjoint for 1 ≤ m ≤ n/2
when n is even and for all m when n is odd.
(ii) Let n be even and let ρ be a strict Fefferman defining density. Then Pn/2+2 is
self-adjoint.
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Proof. (i) We fix a projective scale τ ∈ E(1) and take an adapted frame {e∞ = ξ, eα}
with the dual {dρ, θα}. We set
h˜αβ = hαβ + 2ρPαβ , θ˜
α = θα + 2ρh˜αγPγ∞dρ,
r˜ = r + 2ρP∞∞ − 4ρ
2h˜γµPγ∞Pµ∞,
where h˜αβ is the inverse of h˜αβ. Then the Blaschke metric is represented as
g =
h˜αβ
−2ρ
θ˜α · θ˜β +
1− 2r˜ρ
4ρ2
dρ2.
Thus the outward unit normal filed on each level set of ρ is given by
(3.10)
ν =
−2ρ
(1− 2r˜ρ)1/2
(ξ − 2ρh˜αγPγ∞eα)
≡ −2ρ(1 +O(ρ))ξ mod Ker dρ.
We identify a neighborhood of M in Ω with the product M × (−ǫ0, 0] via the flow
generated by ξ so that the second component is given by ρ. Since
(3.11) volg =
1 +O(ρ)
(−2ρ)n/2+1
dρ ∧ volh,
we have
(3.12) (νy volg)|TMǫ =
1 +O(ǫ)
(2ǫ)n/2
volh,
where Mǫ = {ρ = −ǫ}.
Let f1, f2 ∈ E [m− n/2]. We take Aj ∈ E(m − n/2) and Bj ∈ E(−m− n/2) for
j = 1, 2 as in Proposition 3.2 (ii), and set
uj = (−ρ)
1/2(n/2−m)(Aj +Bjρ
m log |ρ|).
Since uj satisfies the assumption in Lemma 3.6 (i), we have(
∆g + (m− n/2)(m+ n/2)
)
uj = 2(−ρ)
1−1/2(m−n/2)∆˜(Aj +Bjρ
m log |ρ|)
+O(ρn/2+1)
= O(ρn/2+1)
for even n. When n is odd, the last term is replaced by O(ρ∞). We shall compute
(3.13) lp
∫
{ρ<−ǫ}
(
〈du1, du2〉g + (m− n/2)(m+ n/2)u1u2
)
volg,
where ‘lp’ stands for the coefficient of log(1/ǫ) in the expansion of the integral. By
Green’s formula, this is equal to
lp
∫
{ρ<−ǫ}
u1
(
∆g + (m− n/2)(m+ n/2)
)
u2volg + lp
∫
Mǫ
(u1 · νu2)νy volg.
The first term equals 0 since the integrand is O(1) for 1 ≤ m ≤ n/2 when n is even
and for all m when n is odd. It follows from (3.10) and (3.12) that the second term
is given by
2−n/2(−1)mc′−1m
∫
M
(
(n/2 +m)f1Pmf2 + (n/2−m)f2Pmf1
)
.
This integral must be symmetric in f1 and f2 since (3.13) is symmetric in u1 and
u2. Thus we have ∫
M
(f1Pmf2 − f2Pmf1) = 0,
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so Pm is self-adjoint.
(ii) Let f1, f2 ∈ E [2] and take f˜1, f˜2 ∈ E(2) as in Proposition 3.2 (i), and set
uj = (−ρ)
−1f˜j (j = 1, 2). By Lemma 3.6 (ii), we have(
∆g + 2(n+ 2)
)
uj = 2∆˜
(
(−ρ)uj
)
+O(ρn/2+2)
= 2ψjρ
n/2+1 +O(ρn/2+2).
Hence,
〈du1, du2〉+ 2(n+ 2)u1u2 = u1
(
∆gu2 + 2(n+ 2)u2
)
+ (div)
= −2f˜1ψ2ρ
n/2 +O(ρn/2+1) + (div).
As in the proof of (i), we see the log term of the integration of this function. Since
the divergence term does not contribute to it, we have
lp
∫
{ρ<−ǫ}
(
〈du1, du2〉+ 2(n+ 2)u1u2
)
volg
= lp
∫
{−ǫ0<ρ<−ǫ}
(
−2f˜1ψ2ρ
n/2 +O(ρn/2+1)
) 1 +O(ρ)
(−2ρ)n/2+1
dρ ∧ volh
= c
∫
M
f1Pn/2+2f2,
with a nonzero constant c. It follows from the symmetry in u1 and u2 that Pn/2+2
is self-adjoint. 
3.3. Conformal Codazzi Q-curvature. Let n be even. We take a conformal
scale σ ∈ E [1] on M and extend it arbitrarily to a projective scale τ ∈ E(1) on N .
We define the (conformal Codazzi) Q-curvature by
Q = −∆˜n/2 log t
∣∣
M
∈ E [−n],
where t is the fiber coordinate of the R+-bundle N˜ associated with the trivialization
by τ−1. Note that the definition is independent of the choice of τ ; If we take a
different extension, then log t changes by a function f ∈ E(0) with f = O(ρ), so Q
is invariant.
Let σ̂ = e−Υσ be another conformal scale. We extend σ̂ to τ̂ = e−Υ˜τ with an
extension Υ˜ of Υ. Then the Q-curvature changes as
Q̂ = −∆˜n/2(log t− Υ˜)
∣∣
M
= Q+ Pn/2Υ.
Since Pn/2 is self-adjoint and satisfies Pn/21 = 0, the total Q-curvature
Q =
∫
M
Q
is a conformal invariant.
As in the usual conformal case ([FH]), the Q-curvature is related to the harmonic
extension of log t:
Lemma 3.8. Let τ ∈ E(1) be a projective scale and set ρ = τ−2ρ, where ρ is a
Fefferman defining density. Then there exist A ∈ E(0) and B ∈ E(−n) such that
A|M = 0 and
(3.14) ∆˜(log t+A+Bρn/2 log |ρ|) = O(ρ∞).
Such A and B are unique modulo O(ρn/2) and O(ρ∞) respectively and it holds that
2n/2−1n{(n/2− 1)!}2B|M = Q.
With this lemma, we show the following proposition:
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Proposition 3.9. There exists a nonzero universal constant an such that
L = anQ,
where L is the coefficient of the logarithmic term in the volume expansion of the
Blaschke metric g.
Proof. We fix a projective scale and take A and B as in the previous lemma. It
follows from Lemma 3.6 (i) that
∆g log |ρ| = −2ρ∆˜ log |ρ|+O(ρ
n/2+1)
= −2ρ∆˜(log |ρ| − 2 log t) +O(ρn/2+1)
= 2n+ 4ρ∆˜ log t+O(ρn/2+1).
Then, multiplying both sides of (3.14) by −2ρ and using Lemma 3.6 (i) again, we
have
∆g(1/2 log |ρ| −A−Bρ
n/2 log |ρ|) = n+O(ρn/2+1).
Hence by (3.10), (3.11) and (3.12), we obtain
L = lp
∫
{ρ<−ǫ2/2}
volg
= lp
2
n
∫
Mǫ
ν ·
(1
2
log |ρ| −A−Bρn/2 log |ρ|
)
νy volg
= anQ
with a nonzero constant an. 
4. Variation formulas
4.1. The first variation formula. Let N be a locally flat projective manifold of
odd dimension n+ 1, and let Ω be a relatively compact domain in N with strictly
convex boundary M . We consider a smooth family of strictly convex domains {Ωt}
with Ω0 = Ω and compute (d/dt)|t=0Qt, where Qt is the total conformal Codazzi
Q-curvature of ∂Ωt. Since Qt agrees with the log term Lt in the volume expansion
of the Blaschke metric, we will compute L˙ = (d/dt)|t=0Lt instead. We take a
family of Fefferman defining densities ρt of Ωt which is smooth in t and denote the
associated obstruction density and the Blaschke metric by Ot and g
t
ij respectively.
We will omit the subscript or superscript t when t = 0.
The logarithmic term in the volume expansion can be described in terms of Riesz
renormalization (see, e.g., [Al] for the details): We fix a projective scale τ ∈ E(1)
and set
ζt(z) =
∫
Ωt
(−ρt)
zvolgt ,
where ρt = τ
−2ρt. Then ζt(z) is holomorphic in z if Rez is sufficiently large and
extends to a meromorphic function on C. Moreover, it has at most simple pole at
z = 0 and satisfies
Res
z=0
ζt(z) = lp
∫
{ρt<−ǫ}
volgt =
1
2
Lt.
Hence we have
1
2
L˙ = Res
z=0
ζ˙0(z)
= Res
z=0
∫
Ω
d
dt
∣∣∣
t=0
(−ρt)
zvolgt
+Res
z=0
lim
t→0
1
t
(∫
Ωt
(−ρt)
zvolgt −
∫
Ω
(−ρt)
zvolgt
)
.
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The limit in the second term in the last expression equals 0 when Rez is large enough
since (−ρt)
z(χΩt − χΩ)volgt is uniformly convergent to 0 in a neighborhood of ∂Ω,
where χΩt and χΩ are the characteristic functions. The first term is computed as
Res
z=0
∫
Ω
d
dt
∣∣∣
t=0
(−ρt)
zvolgt = Res
z=0
z
∫
Ω
(−ρ)z
ρ˙
ρ
volg +Res
z=0
∫
Ω
(−ρ)z
d
dt
∣∣∣
t=0
volgt
= Res
z=0
∫
Ω
(−ρ)z
d
dt
∣∣∣
t=0
volgt .
Here we have used the fact that the integral∫
Ω
(−ρ)z
ρ˙
ρ
volg
has at most simple pole at z = 0. Thus we obtain the following expression for L˙:
L˙ = 2 lp
∫
{ρ<−ǫ}
d
dt
∣∣∣
t=0
volgt .
The approximate Monge–Ampe`re equation for ρt gives
det gtij = (−2ρt)
−(n+2)(1−Otρ
n/2+1
t ),
so we have
d
dt
∣∣∣
t=0
volgt =
d
dt
∣∣∣
t=0
(det gtij)
1/2
= −
(n
2
+ 1
)( ρ˙
ρ
+
1
2
Oρ˙ρn/2 +O(ρn/2+1)
)
volg.
We shall compute ρ˙/ρ by expressing g˜IJDIDJ ρ˙ in two ways. First we let ∇
′ ∈ [∇]
be the representative connection with respect to the singular projective scale τ ′ =
(−ρ)1/2, as in the proof of Lemma 3.6 (i). Then near the boundary it holds that
g˜IJDIDJ ρ˙ = (n+ 2)
ρ˙
ρ
−
1
2
gij∇′i∇
′
j
( ρ˙
ρ
)
.
Using the first equality of (3.8) and the estimates gkl∇lρ = O(ρ
2), gkl∇kρ∇lρ =
4ρ2(1 +O(ρ)), we have
gij∇′i∇
′
j
( ρ˙
ρ
)
+∆g
( ρ˙
ρ
)
= gijBij
k∇k
( ρ˙
ρ
)
= −
1
2
(n
2
+ 1
)
Oρn/2gkl∇lρ
(∇kρ˙
ρ
−
ρ˙∇kρ
ρ2
)
+O(ρn/2+1)
= (n+ 2)Oρ˙ρn/2 +O(ρn/2+1).
Hence
(4.1) g˜IJDIDJ ρ˙ = (n+ 2)
ρ˙
ρ
−
(n
2
+ 1
)
Oρ˙ρn/2 +
1
2
∆g
( ρ˙
ρ
)
+O(ρn/2+1).
On the other hand, by differentiating the Monge–Ampe`re equation det(DIDJρt) =
−1 +Otρ
n/2+1
t , we have
(4.2)
g˜IJDIDJ ρ˙ =
(
−1 +O(ρn/2+1)
)−1((n
2
+ 1
)
Oρ˙ρn/2 +O(ρn/2+1)
)
= −
(n
2
+ 1
)
Oρ˙ρn/2 +O(ρn/2+1).
Comparing (4.1) and (4.2) gives
ρ˙
ρ
= −
1
2(n+ 2)
∆g
( ρ˙
ρ
)
+O(ρn/2+1),
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which implies that the integral of ρ˙/ρ does not yield a logarithmic term. Conse-
quently the variation of L is computed as
L˙ = −
(n
2
+ 1
)
lp
∫
{ρ<−ǫ}
Oρ˙ρn/2volg
= −
(n
2
+ 1
)
lp
∫
{−ǫ0<ρ<−ǫ}
Oρ˙ρn/2
1 +O(ρ)
(−2ρ)n/2+1
dρ ∧ volh
= kn
∫
M
Oρ˙,
where kn = (n/2 + 1)(−2)
−n/2−1.
Thus we have proved the following
Theorem 4.1. Let {Ωt} be a smooth family of strictly convex domains in a locally
flat projective manifold N of odd dimension n+ 1. Let ρt be a Fefferman defining
density of Ωt. Then the total conformal Codazzi Q-curvatures Qt on ∂Ωt satisfy
d
dt
∣∣∣
t=0
Qt = kn
∫
M
Oρ˙,
where O is the obstruction density on M = ∂Ω0 and kn is a nonzero universal
constant.
Consequently, the critical point ofQ is given by hypersurfaces whose obstructions
vanish. As an example, let us compute the obstruction density for a strictly convex
surface M in R3. We take the canonical affine scale τ = (dx1 ∧ dx2 ∧ dx3)−1/4,
for which Pij = 0. Then we differentiate (2.7) and use (2.6) to obtain 2O|M =
−|S|2 − r|M trS + 4r
2|M + (div). Since τ is harmonic, 2r|M = trS = Scal − |A|
2
by (2.9). Noting that tf Richαβ = tfAαµνAβ
µν = 0 in dimension 2, we also have
tfSαβ = (δA)αβ from (2.5). Therefore the obstruction is given by
O|M = −
1
2
|δA|2 + (div).
Integrating this over M , we see that O ≡ 0 if and only if δA ≡ 0, or equivalently
tfS ≡ 0. A hypersurface with tfS ≡ 0 in affine scales is known as an affine sphere.
It is a classical theorem of Blaschke (n = 2) and Deicke (n ≥ 3) that a strictly
convex affine sphere in Rn+1 is projectively equivalent to the sphere (see [NS] for a
proof). Thus we obtain the following corollary:
Corollary 4.2. A strictly convex surface in R3 is a critical point of Q if and only
if it is projectively equivalent to S2.
4.2. The second variation formula. We will derive a second variation formula
of Q for the deformation of Ω parametrized by a density on the boundary M . Let
ρ be a strict Fefferman defining density of Ω. We fix a conformal density f ∈ E [2]
and extend it to a projective density f˜ ∈ E(2) with ∆˜f˜ = O(ρ), where ∆˜ is the
Laplacian of the ambient metric g˜IJ = DIDJρ. We set
XI = g˜IJDJ f˜ ∈ E
I(1).
Recall that the tractor field XI can be identified with a vector filed X on N˜ , the
R+-bundle of positive elements in E(−1). Since X is homogeneous of degree 0, it
projects to a vector field X on N . Let Flt and Flt be the flows generated by X and
X respectively. We consider the family of strictly convex domains {Ωt} defined by
Ωt = Flt(Ω).
Lemma 4.3. There exist Fefferman defining densities ρt of Ωt which satisfy ρ0 = ρ
and ρ˙ := (d/dt)|t=0 ρt = −2f˜ +O(ρ).
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Proof. We put ρ′t = Fl
∗
−tρ. Then it holds that ρ
′
0 = ρ and ρ˙
′ = −XIDIρ = −2f˜ .
Since ∆˜f˜ = O(ρ), we have
d
dt
∣∣∣
t=0
J [ρ′t] = J [ρ] g˜
IJDIDJ ρ˙
′ = O(ρ),
which implies J [ρ′t]
∣∣
M
= −1 + O(t2). Starting with ρ′t, we construct a Fefferman
defining density ρ′′t by the algorithm described in the proof of [M, Proposition 3.3].
Then ρ′′t is written as
ρ′′t = (−J [ρ
′
t])
−(1/n+2)ρ′t + φt(ρ
′
t)
2
with some density φt, so it holds that ρ˙
′′ = −2f˜ +O(ρ). Since ρ and ρ′′0 are both
Fefferman defining densities, we can write as ρ′′0 = ρ + ψρ
n/2+2. Thus, setting
ρt = ρ
′′
t − Fl
∗
−t(ψρ
n/2+2), we obtain a family of Fefferman defining densities with
ρ0 = ρ and ρ˙ = −2f˜ +O(ρ). 
First we present a variation formula of the obstruction density.
Proposition 4.4. Let ρt be the Fefferman defining density of Ωt given by the
previous lemma. Then the obstruction densities Ot of ρt satisfy
(4.3)
d
dt
∣∣∣
t=0
Fl∗tOt|M = bnPn/2+2f,
where bn is a nonzero universal constant and Pn/2+2 is the GJMS operator.
Proof. Differentiating both sides of J [ρt] = −1 +Otρ
n/2+1
t at t = 0, we have
g˜IJDIDJ ρ˙ = −
(n
2
+ 1
)
Oρ˙ρn/2 − O˙ρn/2+1 +O(ρn/2+2).
It follows from this equation and (3.1) that
∆˜ρ˙ = −g˜IJDIDJ ρ˙+ g˜
IJ Γ˜IJ
KDKρ˙
=
(
O˙ −
1
2
g˜IJDIODJ ρ˙
)
ρn/2+1 +O(ρn/2+2).
Then, since ρ˙ and f˜ satisfy ρ˙ + 2f˜ = O(ρ) and ∆˜(ρ˙ + 2f˜ ) = O(ρ), it holds that
ρ˙ = −2f˜ +O(ρ2). Thus we have
∆˜ρ˙ = (O˙ +XIDIO)ρ
n/2+1 +O(ρn/2+2).
Applying ∆˜n/2+1 to both sides yields
bnPn/2+2f = (O˙ +X
IDIO)|M =
d
dt
∣∣∣
t=0
Fl∗tOt|M ,
with a nonzero constant bn. 
Next, we prepare a lemma on the derivatives of a density ψ ∈ E(−n− 2). Since
ψ is identified with a homogeneous function on N˜ , one can consider the derivative
Xψ ∈ E(−n−2). On the other hand ψ can also be regarded as a form on N via the
isomorphism E(−n− 2) ∼= ∧n+1T ∗N , so one can consider the Lie derivative LXψ.
The following lemma asserts that the two derivatives coincide at M .
Lemma 4.5. For a projective density ψ ∈ E(−n− 2), we have
LXψ = Xψ
at M under the identification E(−n− 2) ∼= ∧n+1T ∗N .
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Proof. We take a projective scale τ ∈ E(1) and let t ∈ R+ be the fiber coordinate
of N˜ associated with the trivialization by τ−1. It can be seen that the determinant
of a tractor in EIJ defined in [M] is identical to the one with respect to the volume
form
Ψ = tn+1dt ∧ τ−(n+2)
on N˜ . Here we regard τ−(n+2) as a form on N˜ by pulling it back by the projection
map. By the Monge–Ampe`re equation, the volume form of g˜IJ satisfies
volg˜ =
(
1 +O(ρn/2+1)
)
Ψ.
Then it follows from LXvolg˜ = −∆˜f˜ volg˜ = O(ρ) that LXΨ = O(ρ). Since X is
homogeneous of degree 0, there is a function a on N such that X = at(∂/∂t) +X .
Using Xt = at and LXdt = d(at), we have
LXΨ = t
n+1dt ∧
(
LXτ
−(n+2) + (n+ 2)aτ−(n+2)
)
,
and thus
LXτ
−(n+2)|M = −(n+ 2)aτ
−(n+2)|M .
If we set ψ = τn+2ψ, the density ψ is identified with the function t−(n+2)ψ. Then
it holds at M that
LXψ = (Xψ) τ
−(n+2) + ψLXτ
−(n+2) =
(
Xψ − (n+ 2)aψ
)
τ−(n+2),
and that
Xψ = t−(n+2)
(
Xψ − (n+ 2) t−1(Xt)ψ
)
= t−(n+2)
(
Xψ − (n+ 2)aψ
)
.
Thus LXψ|M and Xψ|M coincide under the identification E(−n− 2) ∼= ∧
n+1T ∗N .

Now we are ready to show the following
Theorem 4.6. Let ρ be a strict Fefferman defining density of a strictly convex
domain Ω in a locally flat projective manifold N of odd dimension n + 1. If {Ωt}
is the deformation of Ω defined from f ∈ E [2], the total conformal Codazzi Q-
curvatures Qt on ∂Ωt satisfy
(4.4)
d2
dt2
∣∣∣
t=0
Qt = k
′
n
∫
M
fPn/2+2f,
where k′n is a nonzero universal constant and Pn/2+2 is the GJMS operator.
Proof. We fix a projective scale τ ∈ E(1) and take Fefferman defining densities
ρt = τ
2ρt with the obstruction densities Ot = τ
−(n+2)Ot, as in Lemma 4.3. Recall
from the proof of Proposition 4.4 that the derivative ρ˙ satisfies ρ˙ = −2f˜ +O(ρ2).
By Theorem 4.1, we have
d
dt
Qt =
∫
∂Ωt
Otρ˙t =
∫
M
Fl∗t (Otρ˙t volht),
where ht is the affine metric on ∂Ωt with respect to τ . Thus the second derivative
of Lt is decomposed as L¨ = (I) + (II) with
(I) =
∫
M
d
dt
∣∣∣
t=0
Fl∗t (Otρ˙t) volh, (II) =
∫
M
Oρ˙
d
dt
∣∣∣
t=0
Fl∗t volht .
First we compute (I). Using Proposition 4.4, we have
d
dt
∣∣∣
t=0
Fl∗t (Otρ˙t)|M =
d
dt
∣∣∣
t=0
Fl∗t (τ
nOtρ˙t)|M
= Oρ˙(Xτn)|M − 2bnτ
nfPn/2+2f + τ
nO
d
dt
∣∣∣
t=0
Fl∗t ρ˙t|M .
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Differentiating Fl∗tρt = O(ρ) gives Fl
∗
t ρ˙t + Fl
∗
t (X
IDIρt) = O(ρ), so it holds that
d
dt
∣∣∣
t=0
Fl∗t ρ˙t = −X
IDI ρ˙−X
JDJ(X
IDIρ) +O(ρ)
= O(ρ).
Thus we obtain
(4.5) (I) = k′n
∫
M
fPn/2+2f +
∫
M
Oρ˙(Xτn)
with a nonzero constant k′n.
Next we compute (II). For each t, we take a vector field ξt on N determined by
the conditions ξtρt = 1 and ξ
i
tZ
j∇i∇jρt = 0 for Z ∈ Ker dρt, where ∇ ∈ [∇] is the
representative connection associated with τ . Since ρt solves the Monge–Ampe`re
equation at ∂Ωt, the restriction ξt|∂Ωt is affine normal. Thus, using Lemma 4.5, we
compute as
d
dt
∣∣∣
t=0
Fl∗t volht =
d
dt
∣∣∣
t=0
Fl∗t (ξty τ
−(n+2))
= (ξ˙ + LXξ)y τ
−(n+2) + ξyLXτ
−(n+2)
= dρ(ξ˙ + LXξ)volh − (n+ 2)τ
−1Xτ volh.
Differentiating the equation Fl∗t (ξtρt) = 1 and using ρ˙ = −2f˜+O(ρ
2) andXρ = 2f˜ ,
we have
dρ(ξ˙ + LXξ) = −ξ(ρ˙+Xρ)
= −ξ(τ−2ρ˙+X(τ−2ρ))
= 2 τ−1Xτ +O(ρ),
which yields
(4.6) (II) = −n
∫
M
Oρ˙ τ−1Xτ volh = −
∫
M
Oρ˙(Xτn).
Combining (4.5) and (4.6), we obtain the formula (4.4). 
As an example, we consider the case of the sphere M = Sn. Let (ξ0, . . . , ξn+1)
be the homogeneous coordinates of RPn+1. The projective density bundle E(−1) of
RP
n+1 is identified with the tautological line bundle, and the D-operator is given
by ∂/∂ξI . The defining density ρ = (1/2)(−(ξ0)2+(ξ1)2+· · ·+(ξn+1)2) ofM is the
exact solution to the Monge–Ampe`re equation, so the ambient metric is given by
g˜ = −(dξ0)2 + (dξ1)2 + · · ·+ (dξn+1)2. Thus g˜ agrees with the Fefferman–Graham
ambient metric in conformal geometry. In the standard scale on Sn, the GJMS
operator is given explicitly by
Pn/2+2 =
n/2+2∏
j=1
(
∆h +
(n
2
+ j − 1
)(n
2
− j
))
,
where h is the standard metric on Sn; see [FG2] for the derivation of this formula.
Let Ek be the eigenspace of ∆h with eigenvalue k(k + n− 1) for k ≥ 0, so that
we have the decomposition L2(Sn) =
∑
k≥0Ek. It follows from the above formula
that KerPn/2+2 = E0 ⊕E1 ⊕E2 and Pn/2+2 is positive definite on (KerPn/2+2)
⊥.
The space E0⊕E1⊕E2 has the following geometric interpretation: Since eigen-
functions of ∆h are given by the restriction of homogeneous harmonic polynomials
on Rn+1, it holds that
E0 ⊕ E1 ⊕ E2 = {F (ξ) = (aIJξ
IξJ )|Sn | aIJ = aJI ∈ R}.
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In fact, noting that we may assume that
∑n+1
i=1 aii = 0 by adding a multiple of ρ,
we have
F = a00 + 2a0ix
i + aijx
ixj ,
where xi = ξi/ξ0 are the affine coordinates, and each term in the right-hand side
belongs to E0, E1, E2 respectively. The gradient vector field of F is given by
X = −2a0Jξ
J ∂
∂ξ0
+ 2
n+1∑
i=1
aiJξ
J ∂
∂ξi
,
so the flow generated by X is of the form Flt(ξ) = (I + tA)ξ with some matrix A.
Therefore, the flow Flt on RP
n+1 is a projective linear transformation, which does
not change the conformal Codazzi structure on Sn.
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